The main point of this paper is the investigation of invariant random fields on the sphere using a new type of spherical wavelets, called needlets. These are compactly supported in frequency and enjoy excellent localization properties in space, with quasi-exponentially decaying tails. We show that, for random fields on the sphere, the needlet coefficients are asymptotically uncorrelated for any fixed angular distance. This property is used to derive CLT and functional CLT convergence results for polynomial functionals of the needlet coefficients: here the asymptotic theory is considered in the high frequency sense. Our proposals emerge from strong empirical motivations, especially in connection with the analysis of cosmological data sets.
Introduction
Over the last two decades, wavelets have emerged as one of the most interesting tools of statistical investigation, prompting countless contributions both in the methodological literature and from applied researchers. New areas of applications continue to appear, each of them posing fascinating challenges for theoretical developments. Among the novel challenging disciplines, a particularly active one is related to the analysis of astrophysical and cosmological data. Here, some of the motivating problems can be cast within well-established frameworks, such as time series analysis; applications of wavelets can then be pursued within the boundary of a standard theory. Other applications, however, are related to issues that are much less explored in the methodological literature.
A remarkable example is provided by the analysis of datasets whose domain can be identified with a compact space, typically the unit sphere S 2 , the most important (but not the unique) example being provided by Cosmic Microwave Background radiation (hereafter CMB). CMB is a relic radiation which provides a picture of the Universe at the time of so-called recombination, estimated to have occurred approximately 3×10 5 years after the Big Bang, that is, approximately 1.3 × 10 10 years ago (or in other words, when the Universe was less than 0.005% of its current age, much before the formation of the first stars or galaxies). Although a bit simplistic, it is not far from correct to consider datasets on CMB as maps of the Universe at its origins, and as such their interest is immense. Other datasets in cosmology are collected as observations on the sphere, for instance Large Scale Surveys of galaxies and cluster of galaxies. It is also easy to find examples of spherical data in other areas of the astrophysical sciences (see Angers et al. [1] ) or from areas outside astrophysics, i.e. brain shape modeling, image analysis (see for instance Mardia et al. [14] , Dryden [9] and Dette et al. [8] ).
Cosmological data sets pose a very large amount of challenging statistical problems. For instance, estimation of the correlation structure and of the parameters governing this correlation, testing on the law of the field itself (which is predicted to be Gaussian, or very close to be Gaussian, by leading physical models for the Big Bang dynamics), detection of outliers in the observed data (which may signal observations of non-cosmological origin, i.e. so-called point sources), testing for isotropy and many others (see Genovese et al. [10] , [11] , Marinucci [15] , [16] ). All these areas have been the object of intense data analysis from the physical community, and nearly all have witnessed some tentative application of wavelet based techniques; to mention just a few, we quote Vielva et al. [22] , Cabella at al. [7] , Jin et al. [12] , Mc Ewen et al. [17] and many others. The success of wavelets analysis in this framework is easily explained: indeed, harmonic space methods are nearly mandatory in this framework, because physical predictions are much more neatly provided in Fourier modes. However cosmological maps are usually provided with large parts of missing observations, and the localization properties of the wavelets in the real domain are expected to restore at least some of the properties that would be lost by a naive application of Fourier methods.
Many of the above-mentioned papers provide very important and insightful contributions to the physical literature, but the focus has always been on the physical data rather than on the investigation of appropriate statistical and mathematical foundations. In many cases the authors adapted existing methods on the plane to the sphere by means of numerical approximations (the so-called tangent plane approach). Also little analysis so far has been provided on the probabilistic properties of the proposed procedures; even a proper evaluation of the concentration of the proposed wavelets in harmonic and real space is typically lacking. Our attempt in this work is to provide some results in this direction. See Antoine et al. ([3] and [2] ) for a very different approach to spherical wavelets.
In this paper we investigate the statistical properties of the so-called needlets. These are a family of spherical wavelets which were introduced by Narcowich, Petrushev and Ward [18] . In our view, these needlets enjoy several properties which are not shared by other existing spherical wavelets frames. As a first example, we stress their localization properties in harmonic space; in contrast with some of the existing literature, these wavelets are compactly supported in the frequency domain, with a sharp, bounded support which depends explicitly on a user-chosen parameter. On the other hand, needlets enjoy also excellent localization properties in real space, with an exponential decay of the tails. As expected, a better localization in Fourier space will entail less concentration in pixel space for any fixed j, but the asymptotic properties are unaffected. Let us recall that the spherical harmonics are eigenfunctions of the covariance of any stationary field.
Therefore needlets are a good trade-off between eigenfunctions (that are not well localized) and good localization. See [13] for applications in other statistical frameworks.
We show that a major consequence of the localization property both in multipole domain and in space domain is the fact that the needlet coefficients as j → ∞ are asymptotically uncorrelated for any fixed angular distance, despite the fact that the random field is defined on a compact space and hence its covariance function is not going to zero. To the best of our knowledge, this is the first example of such kind of results for any type of spherical wavelets (see Baldi et al. [5] for a similar result on the torus).
This capital property is used in this paper to derive Central Limit Theorems and Functional Central Limit Theorems for general nonlinear statistics on wavelets coefficients. As special cases, we discuss testing procedures for goodness-of-fit on the angular power spectra and tests for Gaussianity or isotropy. In a similar manner, it is possible to show that needlet coefficients are asymptotically unaffected by the presence of missing observations. As a final advantage, we stress that the needlet construction does not rely on any sort of tangent plane approximation which is typically undertaken to implement wavelets on the sphere. We view this as an important asset both from the computational point of view and in terms of the accuracy of approximations.
The plan of this paper is as follows. In §2 we describe the construction of the needlet system, following the approach of [18] . In §3 we use them to investigate random fields on the sphere and derive the basic correlation inequality. In §4 we recall some classical results on Hermite polynomials and the diagram formula, that are needed in §5 and 6 in order to derive the main convergence results. §7 and 8 we discuss statistical applications and the effect of missing observations.
Construction of Needlets
This construction is due to Narcowich, Petrushev and Ward [18] . Its aim is essentially to build a very well localized tight frame constructed using spherical harmonics, as discussed below.
Let us denote by S 2 , the unit sphere of R 3 . There is a unique positive measure on S 2 which is invariant by rotation, with total mass 4π. This measure will be denoted by dx. The following decomposition is well known.
where H l is the restriction to S 2 of homogeneous polynomials on R 3 , of degree l, which are harmonic (i.e. ∆P = 0, where ∆ is the Laplacian on
. This space is called the space of spherical harmonics of degree l. Its dimension is 2l + 1. The orthogonal projector on H l is given by the following kernel operator:
where x, y is the standard scalar product of R 3 , and L l is the Legendre
where δ l,k is the Kronecker symbol. Moreover, by definition of the projection operator,
where the Y lm , l = 1, 2, 3, . . . , m = −l, . . . , l form an orthonormal basis of H l . More explicitly the spherical harmonics are defined in terms of the Euler
where L lm (cos θ) are the associated Legendre functions i.e.
Let us point out the following reproducing property of the projection operators:
The following construction is based on two fundamental steps : LittlewoodPaley decomposition and discretization, which are summarized in the two following subsections.
Littlewood-Paley decomposition
Let φ be a C ∞ function supported in |ξ| ≤ 1, such that 1 ≥ φ(ξ) ≥ 0 and
Let us define for an arbitrary chosen B > 1:
Remark that b(ξ) = 0 only if
Let us now define the operator
and the associated kernel
The following proposition is obvious:
Discretization and localization properties
Let us define
the space of the restrictions to S 2 of the polynomials of degree less than l.
The following quadrature formula is true: for all l ∈ N there exists a finite subset X l of S 2 and positive real numbers λ η > 0, indiced by the elements η of X l , such that
Then the operator M j defined in the subsection above is such that:
and we can write:
This implies:
We will denote
and have
for some c > 0. It holds, using (6)
In the sequel, we note N j = #Z j .
The main result of Narcowich, Petrushev and Ward, [18] is the following localization property of the ψ j,η , that are called "needlets".
For any k there exists a constant c k such that,for every ξ ∈ S 2 :
In other words the needlets are almost exponentially localized around any cubature point, which motivates their name. Recall that (ξ, η) → arccos η, ξ is the natural geodesic distance on the sphere. Finally, notice that the construction in [18] is performed with B = 2. We introduced here the free parameter B > 1, because for physical applications it may be useful the fine tuning of the concentration in frequency.
3 Isotropic fields on the sphere and needlet coefficients
Isotropic Gaussian random fields
We say that T is invariant by rotation (or isotropic) if
This is equivalent to the fact that the covariance function of the process,
where K is a bounded function defined on [−1, +1].
Throughout this paper we make the following assumption Assumption 2 T is a centered Gaussian field that is mean square continuous and isotropic.
Let us decompose K on the basis of Legendre polynomials:
We write,
where
(T 0 = 0 since the field is assumed to be centered). It is immediate that
Also it is easy to check that the random fields (T l ) l are orthogonal, that is
for every x, y ∈ S 2 if l = m. Actually all vectors in H l are eigenvectors for the Karhunen-Loève expansion of K( ·, · ). The previous projection can be realized explicitly as
(a lm ) l,m is a triangular array of complex uncorrelated (but for the condition (−1) m a lm = a l,−m ) r.v.'s and C l is equal to the variance of a lm .
Needlet coefficients
By extension, the η's corresponding to a level j, will be denoted by ξ jk , ψ j,η by ψ j,k , and the needlet coefficient of a
Hence, the random spherical needlet coefficients are defined as
in view of the reproducing properties of the projection kernel. Hence we
and
We shall need to assume some regularity conditions on the asymptotic behaviour of angular power spectrum C l .
Assumption 3 There exist M > 0, α > 2 and a sequence of functions (g j ) j
such that
for every l such that B j−1 < l < B j+1 , and positive numbers c r , r = 0, . . . , M such that
Remark 4 Assumption 3 is a regularity condition on the asymptotic behaviour of the angular power spectrum which is trivially satisfied, for instance, if g j is constant. Note that the sequence (g j ) j belongs uniformly to the Sobolev space W M,∞ .
The following result is the basic localization inequality which plays a crucial role for the arguments below.
Lemma 5 We have
where, as hinted above,
Proof. Observe first that, as we assumed that
We recall the following bound for type II polynomials which is derived in [18] , Theorem 2.6:
where c M only depends on sup j≥1,k≤M φ (k) j 1 . Whence, using this for
Remark 6 As mentioned in the introduction, the previous lemma highlights a peculiar feature of the needlet coefficients. Indeed, although we are concerned with random fields on a bounded domain whose covariance does not decay to zero with angular distance, the needlet coefficients at any finite distance are asymptotically uncorrelated. This property is at the heart of our results below.
Hermite polynomials and the diagram formula
Let H q denote the Hermite polynomials, defined as
Let us now introduce diagrams, which are mnemonic devices for computation of moments and cumulants of polynomial forms in Gaussian random variables. Our presentation follows [4] and [21] . See also [19] for a more recent point of view.
Let p and ℓ j , j = 1, . . . , p, be given integers. A diagram G of order
and a partition of these points into pairs
called edges. We denote by V(ℓ 1 , . . . , ℓ p ) the set of diagrams of order (ℓ 1 , · · · , ℓ p ).
The set is empty if ℓ 1 + · · · + ℓ p is an odd number. The set L j = {(j, ℓ) : 1 ≤ ℓ ≤ ℓ j } is called the j-th level of G. We will denote the set of edges of diagram G by E(G); observe that in the definition above edges connect vertices of different levels. We note that if we identify each level j k with a node, and view these nodes as linked together by the edges
then it is possible to associate in a natural way to each diagram a graph (I, E) where the set of nodes I is the set of the levels of the diagram. These graphs are not directed, that is, (j 1 j 2 ) and (j 2 j 1 ) identify the same edge;
however, we do allow for repetitions of edges (two nodes may be linked twice), in which case the term multigraph is more appropriate. In general the associated graph carries less information than the corresponding diagram (the information on the "columns", i.e. the second element ℓ k , is neglected).
A diagram G is said to be connected if the rows of the table cannot be divided in two groups, each of which is partitioned by the diagram separately, that is if the associated graph is connected. In other words, G is connected if one cannot find a partition
holds, for i = 1, . . . k, where r is the number of edges g i of the diagram G.
The set of connected diagrams are indicated by V c (ℓ 1 , . . . , ℓ p ). Obviously a diagram is connected if and only if the corresponding graph is connected, in the standard sense. We shall say a diagram has a k-loop if there exist a sequence of k edges
The main instrument we shall need below is the following (see [21] e.g.).
Proposition 7 (Diagram Formula) Let (z 1 , . . . , z p ) be a centered Gaus-sian vector, and let 
Cum
where, for each diagram G, η i,j (G) is the number of edges between rows ℓ i , ℓ j
and Cum H ℓ 1 (z 1 ), . . . , H ℓp (z p ) denotes the p-th order cumulant.
The diagram formula and the localization properties established in the previous section are the key ingredients for the main results of this paper, which are given below.
The Central Limit Theorem for polynomial functionals of needlet coefficients
In the arguments to follow, we focus on polynomial functionals of the (normalized) wavelets coefficients, of the form
where u = 1, 2, . . . , U . Recall that N j = #Z j . Here, w uq are real scalars.
Since Hermite polynomials are an algebraic basis, then every polynomial in the variables β j,k is of this form; we start from a general characterization on the behaviour of the sequences h u,N j . First we define the covariance matrix Ω j , with elements
Throughout the sequel of this paper, we shall impose the following regularity condition:
Assumption 8 There exists j 0 such that for j ≥ j 0 the covariance matrix
Assumption 8 is a nondegeneracy condition on the asymptotic behaviour of our statistics of interest. Consider for instance the scalar case U = 1. From the diagram formula, it is immediate to obtain
The previous condition merely states that our nonlinear statistics have a nondegenerate asymptotic variance. Ruling aside pathological case, it should be noted that the previous assumption basically requires w 2 up > 0 for some p. In the multivariate case U > 1 we also require that the polynomials h u,N j and h v,N j are linearly independent. It is to be noted, however, that the assumption fails for a polynomial of order 1.
Theorem 9
Under Assumptions 2, 3 and 8, as N j → ∞ we have
where I U denotes the identity matrix of dimension U .
Proof. We note first that the multivariate result follows immediately from the univariate case U = 1. Indeed, from the Cramér-Wald device, it is enough to focus on sequences of the form
However it is clear that for any choice of real numbers λ 1 , . . . , λ U , we can write
where w q := U u=1 λ u w uq . It is obvious that E[h u,N j ] = 0. Hence to complete the argument it is sufficient to prove that as
More precisely, we have to show that, as N j → ∞ and for all p ≥ 3,
where η uv (G) counts the number of edges between node u and node v. It is then clearly enough if we can prove that
) for p = 2, 4, 6, . . .
Now write
Note that each of the covariances is bounded by 1, so that χ q 1 ...qp (G) is a nonincreasing function of η uv (G), u, v = 1, . . . , p. We modify iteratively the elements η uv (G) by picking (u, v) at random, and then decreasing η uv (G) by 1; in graphical terms, this can be viewed as taking a new graph G 1 where an edge between u and v has been deleted (G 1 needs no longer be connected).
We repeat this procedure until (in a finite number of steps, T, say), we obtain a graph, G T , such that the following circumstances are met.
a) There are no isolated nodes.
b) There exists at least a path covering three nodes.
c) The connected components do not allow loops.
It is simple to see that we can reach G T in a finite number of steps by the following algorithm.
1) We keep lowering η uv until we get to the point where the next step would necessarily violate condition a)
2) If condition b) is met, we stop our procedure.
3) If condition b) fails, it means we have only components with two nodes and it is sufficient to raise by unity any of the η uv (that is, to introduce an edge between two components).
It is clear that there are at most [
2 ] such components. For brevity we assume that there are no paths with more than three nodes, the argument in the remaining case being entirely analogous. We partition the nodes u = 1, . . . , p into subsets I 1 and I 2 according to the following rule. All nodes that belong to more than one edge belong to I 1 ; then for components with only two nodes we put the one whose index is smaller again into I 1 . All the remaining others are into I 2 . It is simple to check that the cardinality of I 1 equals the number of unconnected components in G T . Hence this is smaller
Now, note that by construction, k u appears exactly once in the covariances whenever u ∈ I 2 ; hence we obtain
Thus we obtain, using (10) and the following lemma 10,
Proof. It is proved in [18] , that to get cubature points for polynomials of degree less than L, it is enough to take a maximal ǫ-mesh on the sphere . a set {x 1 , . . . x K } with d(x i , x j ) > ǫ for x i = x j and K maximal). Using a simple covering argument, we have
where |B(ǫ)| is the volume of (any) ball of radius ǫ, and
Now, we take L ∼ B j and the corresponding mesh defining Z j , we obtain, the balls being disjoint,
The Functional Central Limit Theorem
We are now ready to introduce the following continuous time vector process:
j=2,4,...
where Ω j was defined in (15).
Theorem 11
where W U (r) denotes the U -dimensional standard Brownian motion and =⇒ denotes weak convergence in the Skorohod space
Proof. We note first that the multivariate result follows immediately from the univariate case U = 1, as we found for the Central Limit Theorem of the previous Section. Indeed, it is well-known that to prove weak convergence we have to establish convergence of the finite-dimensional distributions and tightness. From the Cramér-Wald device, to establish the former it is enough to focus on sequences of the form
However it is clear that for any choice of real numbers λ 1 , . . . , λ U ,
where, as before w q := U u=1 λ u w uq . On the other hand, it is well-known that a necessary and sufficient condition for tightness of vector processes is that tightness holds on the component processes. Without any loss of generality, we can hence focus on the univariate case U = 1. We first consider convergence of the finite-dimensional distributions. It is straightforward to see that h N j , h N j ′ are independent whenever |j − j ′ | ≥ 2. Because the process W U,J (r) is simply a partial sum of independent elements, to prove convergence of the f.d.d. it is enough to check the Lyapunov condition
We have
uniformly over j, in view of Lemma 10. (16) 
again in view of Lemma 10.
Statistical applications
In this Section, we use the previous results to derive goodness of fit, Gaussianity and isotropy test for spherical random fields. In particular, we take
It is natural to view h 1N j as a goodness of fit statistic on the angular power spectrum {C l }, indeed recall that
For applications we can take J := log B L max , where L max is the largest observable frequency depending upon the resolution of the data. On the other hand, we consider h 2N j and h 3N j as Skewness and Kurtosis statistics, respectively. Now define
j=B,B 2 ,...
where as before
From Theorem 11 we have that, as J → ∞
It is then natural to propose W 3J (r) for a joint test of goodness of fit, Gaussianity and isotropy. More precisely, we will have that
where . denotes the Euclidean norm in R 3 and B k (r) the Bessel process of order k. Obvious possible testing procedures are then provided by
These statistics should have power also against alternatives where deviations from the null emerge only at some (non-negligible) subsets of the multipole space; this is a very important feature for applications in cosmology, where non-Gaussianity is for instance expected only over certain frequencies.
Missing observations
As mentioned in the Introduction, we expect needlets to be extremely robust in the presence of partially observed spherical random fields, due to their excellent localization properties in real space. This result can be formalized as follows; we assume we observe T (ξ) = T (ξ) + V (ξ), where V (ξ) is a noise field that needs not be independent from T (ξ); indeed, for applications the most relevant case is likely to be V (ξ) = −T (ξ)I(ξ ∈ G), G ⊂ S 2 denoting the unobserved subset of the sphere. More explicitly, this situation arise when the field is not observed (and hence is value is set to zero) for some locations in the sky (this is exactly what happens with CMB experiments in the so called galactic cut region, that is, the region where CMB is dominated by the Milky Way emissions). Note B(ξ j,k , ε) for an neighbourhood of radius ε around the cubature point ξ j,k , i.e. B(ξ j,k , ε) := ξ ∈ S 2 : d(ξ, ξ j,k ) ≤ ε , d(., .) denoting as usual the angular distance. We write
for the wavelets coefficients derived from the contaminated maps. The following result highlights a very important robustness property of needlets.
Assume also that
Proof. We have
Note that, by Jensen inequality,
whence the statement follows immediately.
Remark 13
It is to be stressed that in the previous proposition we did not assume V (ξ) to be isotropic. Indeed, in the case of gaps we obtain trivially
It is also interesting to stress that, in view of (11),
For M large enough, it is not difficult to show that, up to different normalizing constants, the limit results in Sections 5, 6
and 7 are not affected asymptotically by the presence of sky cuts. Although this result must be dealt with a good deal of common sense when working with finite resolution experiments, we view this property as a very strong rationale to motivate the use of needlets in Cosmology and Astrophysics.
Numerical evidence
In order to investigate the localization properties of spherical needlets, we present here some Monte Carlo experiments on the effect of missing observations on the values of the needlet coefficients. More precisely, and with the same notation as in the previous Section, our aim is to provide estimates of the quantity
in the presence of different types of sky gaps.
First we mimick the experimental data on the CMB radiation, as described for instance by the WMAP team (see http://map.gsfc.nasa.gov/).
In particular, data on CMB are contaminated mainly by the presence of the Milky Way (which is located around the equator, in the standard choice of coordinates) and several so-called point sources, amounting basically to known clusters of galaxies which produce a radiation unrelated with CMB.
To remove these emissions, the WMAP team has set up a mask which has been labelled as Kp0.
In our Monte Carlo study, we simulated 100 independent copies of a random field, using the development (9) . The coefficients a lm were sampled as independent (but for the condition (−1) m a lm = a l,−m ) complex Gaussians with variance C l . The function C l was chosen in order to mimick the best fit from satellite observations of CMB (see Pietrobon et al. [20] for details).
We fixed B = 1.5 and j = 11, corresponding to a range of frequencies from l = 58 to l = 129; we then evaluated D jk taking the means of the 100 Monte Carlo replications at the cubature points which are not covered by the mask.
The function φ (and therefore b 2 ) of §2.1 were obtained by linking the two levels 0 and 1 using the primitive of the function defined by ρ(t) = c exp − 1 1 − t 2 for |t| < 1 and ρ(t) = 0 otherwise. Here the constant c is chosen in order to make the integral of ρ equal to 1. This provides a nice C ∞ link.
The results are displayed in Figure 1 , where directions corresponding to a value of D jk > 0.1 are marked with a black dot. We note first that In numerical terms, Table 1 reports, for j = 10 (that is 39 ≤ l ≤ 86), j = 10 (58 ≤ l ≤ 123) and j = 12 (87 ≤ l ≤ 194), percentages below a given threshold. The number of cubature points ranges from 49152 for j = 10 to 196608 for j = 12. .
